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ABSTRACT 
The antithesis of Specker's theorem states that every sequence ventually hounded away from each point 
of[0, I ] is eventually bounded away from [0, I ]. We show constructively (that is, with intuitionistic logic) 
that this is equivalent to a version of the fan theorem. 
A sequence (x,),,>~l in R is said to be 
• eventually bounded awayJ?om the point x 6 R if there exist N c N + and 3 > 0 
such that fx - x.I > ~ for all n ~> N; 
• eventually bounded awayj?om the subset S of R if there exist N 6 N + and 3 > 0 
such that Ix - x. I > ,~ for all x c S and all n ~> N. 
Specker's theorem [10], a cornerstone of recursive analysis, tells us that if we add 
the Church-Markov Turing thesis to Bishop's constructive mathematics (BISH),I 
then there exists a strictly increasing rational sequence in (0, l) that is eventually 
bounded away from each element of  [0, l]. In this note, working entirely within 
BISH, we prove that a version of  Brouwer's fan theorem is equivalent o the 
following antithesis (?[Specker 2s" theorem: 
E-mails: jberger(~jaist.ac.jp tJ. Berger), d.bridges@math.canterbury.ac.nz (D. Bridges). 
I We regard BISH as simply mathematics with intuitionistic, rather than classical, logic, together with 
dcpendem choice and some suitable foundation such as CZF [1]. 
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Every sequence in R eventually bounded away from each point of [0, 1] is 
eventually bounded away from the set [0, 1 ]. 
Our results demonstrate hat, just as Specker's theorem can be regarded as almost 
characteristic of recursive constructive mathematics, its antithesis almost charac- 
terises intuitionistic mathematics (minus Brouwer's continuity principles). 
With classical ogic, the antithesis of Specker's theorem is equivalent to the 
Bolzano-Weierstrass theorem, so our results can be regarded as providing an 
intuitionistic substitute for the latter, which, in its usual classical form, is clearly 
not provable intuitionistically. The antithesis of Specker's theorem has at least one 
application that we know of: namely, in a proof that a certain type of ideal in a 
Banach algebra is actually maximal; see Proposition 8 of [6], an examination of 
whose proof in the light of our work readily shows that the reference to Brouwer's 
continuity principle can be removed if we strengthen the version of the fan theorem 
(see below) that is used. 
Let 2* denote the complete binary fan--the set of all finite sequences in {0, 1 } -  
and 2 r~+ the set of all binary sequences. We denote by lul the length of an element 
of 2*. Let ~ = (oq, Ot 2 . . . .  ) be a finite or infinite binary sequence. Then for each 
applicable n ~ N, 
an = (oq . . . . .  otn) 
is called a restriction of c~. By a path in 2* we mean a finite or infinite binary 
sequence. We say that a path ot is blocked by a subset B of 2* if some restriction 
of ot is in B. A subset B of 2* is called a bar for 2* if each infinite path of 2* is 
blocked by B; a bar B for 2* is uniform if there exists a positive integer n such that 
each finite path of length n is blocked by B. 
A subset S of a set X is said to be detachable from X if 
VxEX (xcSvx¢S) .  
By a c-subset of 2* we mean a subset B of 2* with the following property: there 
exists a detachable subset D of 2* such that 
B={u62* :VvE2*  (u,rED)},  
where • denotes the usual concatenation peration on strings. Thus a finite sequence 
u belongs to B if and only if each of its extensions belongs to D. Note that a c-subset 
B of 2* is closed under extensions: i fu 6 B, then u • v E B for each v 62*. 
We now state three versions of the fan theorem: the fan theorem for detachable 
bars, 
FTD Every detachable bar of the complete binary fan & uniform; 
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the fan theoremJbr c-bars (that is, bars that are c-sets), 2
FTc Every c-bar c~[ the complete binary fan is unifi)rm; 
and Brouwer X' [im theorem: 
FT Every bar o['the complete binary fan is' uniform. 
Several results of analysis are known to be constructively related to FTn or FT; see, 
for example, [3 5,7 9,11]. 
Our aim is to prove two general theorems from which it will follow that the 
antithesis of Specker's theorem is equivalent, within BISH, to FTc. First, we define 
a mapping F : 2 b~+ --+ [0, 1] by 
g(o~) = Zoek2  k (or E 2I~+). 
k=l 
For each ~ E 2 N ~ and each N 6 N + we define also 
U 
F(~N) = Ze~k2 k. 
k--I 
Classically, F maps 2 N+ onto [0, 1]; but the proposition "every element of [0, 1] has 
a binary expansion" is equivalent to the statement 
VxcR (x~>0vx~<0)  
and hence is essentially nonconstructive. The following lemma enables us to get 
round this obstacle. 
Lemma 1. Let S be a subset q/'[0, l] with the following property 
'CotE2 N+ 3r>0VxE[0 ,1 ]  ( Ix -F (o t ) l  <r=:>xeS) .  
Then S = [0, 1]. 
Proof. Fix x in [0, 1]. Construct an increasing binary sequence (,k,,)n~>l and a 
binary sequence ~ such that 
(a) if)~, = 0, then F(ffn) <~ x <~ F(~n) + 2-",  and 
(b) if X, = 1, then x ¢ S. 
2 The designation "c-bar" comes from the fact that FTc is equivalent tothe uniform continuity theorem 
ti~r continuous functions from 2 m to N+; see [2]. 
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First we construct )~1 and 0( 1 . Compute r > 0 such that i fy  6 [0, 1] and lY - 1/2[ < r, 
then y 6 S. Either Ix - 1/21 < r or x < 1/2 or x > 1/2. In the first case set kl = 1 
and a l  = 0; in the second set kl = 0 and cq = 0; in the third set ~-I = 0 and cq = 1. 
Then (a) and (b) hold for n = 1. Now suppose that we have defined (~1 . . . . .  ~)  and 
(kl . . . . .  k~) with the appropriate properties. I f k ,  = 1, set kn+l = 1 and ~,+1 = 0. 
On the other hand, i fkn = 0, chose r > 0 such that if Ix - F(~n) - 2-n-11 < r, then 
x c S. I f  I x -  F(~n) -  2-n-11 < r, set k~+l = 1 and ~+l  = 0; i fx  < F(~n)+2 -n - l  , 
set k~+l = 0 and ot~+l = 0; i fx  > F(~tn) + 2 -n-l ,  set kn+l = 0 and oe~+l = 1. This 
completes the inductive construction ofoe~+l and kn+l. 
Now compute r > 0 such that i f  Ix - F(~)I  < r, then x e S. Either Ix - F(c0[ < r 
and therefore x 6 S, or else x # F(ot). In the latter case choose a positive integer N 
such that Ix - F(oe)l > 2 -N+l . I fkN = 0, then Ix - F (~N) I  ~< 2 -N and therefore 
Do 
Ix -- F(ot)l ~< 2 -N + Z 
n=N+l 
2 -n=2 -N+2 -N=2 -N+I, 
a contradiction. Hence ~.N = 1 and therefore x E S. [] 
We now apply Lemma 1. 
Lemma 2. I f  a sequence of real numbers is eventually bounded away from F(a) 
N+ for each ot ~ 2 , then it is eventually bounded away from each point of[0, 1]. 
Proof.  Consider the case of  a sequence (xn)n~>l eventually bounded away from 
each F(c~). Let S be the set of  those points x of  [0, 1] such that (xn) is eventually 
bounded away from x. Given a binary sequence or, choose a positive integer N and 
r > 0 such that Ixn - F(u) l  > 2r for all n/> N. I fx  6 [0, 1] and Ix - F(o~)l < r, then 
Ixn-x l>rfora l ln>>,N.  I tnowfol lowsfromLemmalthatS=[O, l ] .  [] 
The next lemma is more specifically connected to bars. 
Lemma 3. Let B be a bar for 2* that is closed under extensions. Then 
Vote2  N+3n~l~+vu~2 * ( ( lu l=nA lF (u ) - -F (an)  l<~2-n)~u6n) .  
Proof.  Define a binary relation ,-~ on 2* by 
u~v ,', ',, ( luI=IvlAIF(u)--F(v)I<~2-1ul). 
• + 
Fixing ot in 2 N , compute m E N + such that ffm 6 B. I f  every term ofcT(m + 1) is 0, 
then 
{v ~ 2*: v ~(m + 1)} = {ff(m + 1) ,~m,  1} C B, 
so we may take n = m + 1. The case where every term ofO(m + 1) is 1 is handled 
similarly. Thus we may assume that 
{or(k): l~<k~<m+l}={0,1}  
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and hence that 
/o=max{k:  l~<k~<m+l ,  ~(k )=O]  
and 
l ,=max{k:  l~<k~<m+l ,  o t (k )= l}  
exist. Write 
fl = f f ( l i  - 1 ) ,0 ,  1 • I • 1 . . . . ,  
Y' = a ' ( lo -  1)*  1 *0 .0 .0 . . . . .  
Choose n ~> m + I such that fn  6 B and ~n c B. For each u ~ g,n we have 
~m =t im vu  : f in  vu  = ~n. 
In each case, u E B. [] 
Just before dealing with our first main result, we introduce one simple construc- 
tion. Let f : N + ~ 2* be a fixed one one enumeration of 2* with the property 
that 
(1) Vm, neN + (m<n~lf(m)l<~l. l ' (n) l ) .  
Theorem 4. Let B be a c-subset of 2*. Then there exists' a sequence (x,,),,~>l in Q 
with the jbllowing properties." 
(i) l f  B is a bar lbr 2", then (x,,),,>~l is eventually bounded awayfrom each element 
of[(), l l. 
(ii) / f  (x,,),,~>l is eventually bounded away J?om [0, 1], then B is a uniform bar 
Jbr 2*. 
Proof .  Let D be a detachable subset of  2* such that 
B={u62* :  V , rc2* (u ,w~D)} .  
For each u c 2* define 
F(u) i fu~D,  
se"= 2 i fucD.  
For each positive integer n define x,, = ~f(n}. Suppose first that B is a bar for 2*. We 
prove that 
{2) Voec2N+3NEN+Vuc2 • (lu]>~N=>lF(ot)_~,l>~2 N).
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Given a ~ 2 N+ and applying Lemma 3, we can find N ~ N + such that if v 6 2*, 
Ivl = N, and IF(v) - F(ffN)I <<. 2 -u, then v ~ B. Fix u with lul/> N, and suppose 
that IF(a)  - ~ul < 2 -u .  Then cu < 2, so u ~ D and ~u = F(u). Hence 
i=~l lUl ui2_ i lul . k ai2_i I F(~'N)- f(aN)l ~< ai2-i-- Z -F Z ui2-t- 
i=1 i=N+ i=N+I 
IF(a) - F(u) I +2 -N 
< 2 -N+I" 
Since I F (SN)  - F(~N)I  is a multiple of  2 -N and is smaller than 2 -N+I,  we must 
have IF(giN) - F(~N)I  ~< 2-U; whence ~N ~ B and therefore u ~ B, which is a 
contradiction from which we obtain (2). It follows that the sequence (x~)n~>l is 
N+ eventually bounded away from F(a)  for each a ~ 2 . Applying Lemma 2, we now 
see that (x~)~>l is eventually bounded away from each point of  [0, 1]. 
Now suppose that (Xn)n>l is eventually bounded away from [0, 1]. Then there 
exists N 6 N + such that Xn = 2 for all n/> N. It follows from (1) that there exists 
v ~ N + such that ~, = 2 for all u E 2* with lul /> v; whence B is a uniform bar 
for 2*. [] 
Corol lary 5. The antithesis of Specker's theorem implies FTe. 
Here is our second main result. 
Theorem 6. Let (Xn)~>l be a rational sequence. Then there exists a c-subset B of 
2* with the following properties: 
(i) I f  (x~)n>>.l is eventually bounded away from each element of[0, 1], then B is a 
bar for 2*. 
(ii) I f  B is a uniform bar for 2* and (X~)n>>.l is eventually bounded away from each 
point of[O, 1], then (x~)~>l is eventually bounded away from [0, 1]. 
Proof. Set 
D = {u E 2* I IF(u) - x,.,I > 2 -lul+l } 
and 
B = {u ~ 2* IVw(u .w ~ D)}. 
Since the numbers xn are rational, D is detachable; whence B is a c-set. 
Let the sequence (Xn)n>l be eventually bounded away from each point of [0, 1], 
and fix a c 2 r~+ . There exists N such that 
I F (a )  -Xn I > 2 -N+2 
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for every n >/N. Thus for an arbitrary w c 2* we have 
[F(o~) -XN+lu,l[ > 2 N+2. 
This implies 
IF(~N • w) - xN+lu, I] > 2 N+I ~ 2-N-I ,~I+I 
therefore fiN * w E D. This proves that ¢~N ~ B; therefore B is a bar. 
Now assume that B is a uniform bar for 2", and that the sequence (x~)n~>l is 
eventually bounded away from each point of [0, 1]. Fix a positive integer N such 
that 
(a) every element of {0, 11" with length at least N belongs to B, and 
(b) i fn /> N, then Ixnl > 2 -N and Ix,, - II > 2 -N. 
Fix n ~> N, suppose that xn 6 [0, 1]. There exists u c 2* such that lul = n and 
IF(u) - x,, I < 2 ". Then by (a), u E B and so IF(u) - x,, I > 2 - '+1,  a contradiction. 
Therefore x,, ~ [0, 1]; taken with (b), this shows that Ix, - xl > 2 -N for each 
x ~ [0, II. [] 
Corol lary 7. Suppose that FTe holds'. Then each sequence in R that is eventually 
bounded away J?om each point of[0, 1 ] is eventually bounded away from [0, 1]. 
Proof. Let (sn),, ~>l be a sequence in R that is eventually bounded away from each 
point of 10, 1]. Construct a sequence (x,,)n/> l of rational numbers in [0, 1 ] such that 
Is,, - x,,I < 2-" I tbr each n, and construct he c-set B as in Theorem 6. For each 
x ~ [0, 1] there exists N such that [sn - x[ > 2 N for all n 1> N. For all such n we 
then have Ix,, - xl > 2 X I. Hence (x,,),,~>l is eventually bounded away from each 
element of[0, 11. It follows that B is a bar for 2*. By FTe, B is a uniform bar. Again 
using Theorem 6, we can now compute v such that Ix,, - x l > 2 " for all n ~> v 
and all x ~ [0,1]. For all such n andx  we have [sn -x [>2 " 1. Thus (s,,),,>~l is 
eventually bounded away from [0, 1]. D 
Thus Specker's theorem is false in the presence of  FTe. 
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